Abstract : In this article we are introduced the lacunary sequence spaces defined by Musielak-Orlicz functions and study their algebraic and topological properties. Also we obtain some relations related to these spaces.
Introduction
Throughout the article w, c, c 0 , ℓ ∞ , ℓ 1 denote the spaces of all, convergent, null, bounded and absolutely summable sequences of complex numbers, respectively. The zero sequence is denoted by θ. Also N and R denote the set of all positive integers and set of real numbers respectively.
The difference sequence space was initially introduced by Kizmaz [1] and it was generalized by Et and Colak [2] defined in the following way:
for Z = c, c 0 , ℓ ∞ , where m ∈ N; ∆ m x k = ∆ m−1 x k − ∆ m−1 x k+1 and ∆ 0 x k = x k , for all k ∈ N. The generalized difference operator is equivalent to the following binomial representation: A lacunary sequence is an increasing integer sequence ξ = (k r ), r = 1, 2, 3, ... where k 0 = 0 with h r = k r − k r−1 → ∞, as r → ∞. We denote I r = (k r−1 , k r ] and η r = kr kr−1 , for r = 1, 2, 3, .... The lacunary strongly convergent sequence space N ξ was defined by Freedman et al. [3] in the following way:
The space N ξ is a BK-space with respect to the norm
is also a BK-space. There is a relation beteen N ξ and |σ 1 | of strongly Cesàro summable sequences (see Freedman et al. [3] ). The space |σ 1 | is defined by
For ξ = (2 r ), we have a relation between the spaces |σ 1 | and
, which is continuous, non-decreasing and convex with M (0) = 0, M (x) > 0, for x > 0 and M (x) → ∞, as x → ∞. An Orlicz function M is said to satisfy ∆ 2 -condition for small x or at 0 if for each k > 0 there exist R k > 0 and
Moreover, an Orlicz function M is said to satisfy the ∆ 2 -condition if and only if
Two Orlicz functions M 1 and M 2 are said to be equivalent if there are positive constants α, β and x 0 such that
for all x with 0 ≤ x < x 0 . Lindenstrauss and Tzafriri [4] used the idea of the Orlicz function to construct the sequence space:
The space ℓ M becomes a Banach space, with respect to the norm
which is called an Orlicz sequence space. The space ℓ M is closely related to the space ℓ p which is an Orlicz sequence space with M (t) = |t| p , for 1 ≤ p < ∞. Later on, Orlicz sequence spaces were investigated by Parashar and Choudhary [5] , Maddox [6] , Tripathy et al. [7] [8] [9] [10] and many others.
Definitions and Notations
A sequence M = (M k ) of Orlicz functions is called a Musielak-Orlicz function (for details see [11, 12] 
For a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space l M and its subspace h M are defined as follows:
where I M is a convex modular defined by
We consider l M equipped with the Luxemburg norm
or equipped with the Orlicz norm
The main aim of this article is to introduce the following sequence spaces and examine some properties of the resulting sequence spaces. Let p = (p k ) denote the sequences of positive real numbers, for all k ∈ N. Let M = (M k ) be a MusielakOrlicz function and v = (v k ) be any sequence of non-zero complex numbers. Let X be a seminormed space over the field of complex numbers with the semi norm q and w(X) denotes the space of all sequences x = (x k ), where x k ∈ X. Then we define the following sequence spaces:
whenever (x k ) ∈ E and for all sequence (α k ) of scalars with
where π is a permutation of N. Definition 2.3. A sequence space E is said to be convergence free if (y k ) ∈ E whenever (x k ) ∈ E and x k = 0 implies y k = 0.
Let K = {k 1 < k 2 < · · · } ⊂ N and E be a sequence space. A K-step space of E is a sequence space λ
A canonical preimage of a step space λ E K is a set of canonical preimages of all elements in λ E K , i.e. y is in canonical preimage of λ E K if and only if y is canonical preimage of some x ∈ λ E K . Definition 2.4. A sequence space E is said to be monotone if it contains the canonical preimages of its step spaces.
The following results will be used for establishing some results of this article. 
Main Results
Theorem 3.1. Let p = (p k ) in ℓ ∞ of strictly positive real numbers and ξ = (k r ) be a lacunary sequence.
Proof. The proof of the theorem is easy, so omitted. 
for some ρ > 0 and r = 1, 2, 3, ... ,
Proof. Clearly g ∆ (x) = g ∆ (−x). Since M k (0) = 0, for all k ∈ N, we get g ∆ (θ) = 0, for x =θ. Let x = (x k ) and y = (y k ) be two elements in [N ξ , M, ∆ m , p, q, v] 0 and let us choose ρ 1 > 0 and ρ 2 > 0 be such that
Since ρ > 0, we have
for some ρ 1 > 0 and r = 1, 2, 3, ...
for some ρ 2 > 0 and r = 1, 2, 3, ...
Finally, let λ be a given non-zero scalar in C. Then the continuity of the product follows from the following expression.
for some ρ > 0 and r = 1, 2, 3, ...
This completes the proof of the theorem.
The proof of the following theorem is easy, so omitted.
Theorem 3.3. Let M = (M k ) and φ = (φ k ) be two Musielak-Orlicz functions and p = (p k ) ∈ ℓ ∞ of strictly positive real numbers. Then
where Z = 0, 1, ∞. 1, 2 , ..., m − 1 and the inclusions are strict, where Z = 0, 1, ∞.
Then there exists ρ > 0 such that
Since M is nondecreasing and convex, we have
Taking limit r → ∞, we have
The rest of the cases can be proved in the similar way. By using induction, we have [
The above inclusion is strict follows from the following example.
, for all k ∈ N and q(x) = |x|. Consider a sequence (x k ) defined by
Theorem 3.6. Let ξ = (k r ) be a lacunary sequence and let M = (M k ) be a Musielak-Orlicz function. Then
, and the inclusion is strict.
Since M k is non decreasing and convex for all k ∈ N, we have
The inclusions are strict follows from the following example. The proof of the part (ii) is easy, so omitted. Proof. The proof of the theorem is easy, so omitted. 
